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Introduction
By w, we shall denote the space of all real-or complex-valued sequences. Any vector subspace of w is called a sequence space. We shall write ∞ , c and c  for the spaces of all bounded, convergent and null sequences, respectively. Also, by  and p ( < p < ∞), we denote the spaces of all absolutely and p-absolutely convergent series, respectively. Further, we shall write bs, cs for the spaces of all sequences associated with bounded and convergent series.
The β-duals of a subset X of w are defined by X β = a = (a k ) ∈ w : ax = (a k x k ) ∈ cs for all x = (x k ) ∈ X .
Let μ and γ be two sequence spaces and A = (a nk ) be an infinite matrix of real or complex numbers a nk , where n, k ∈ N. Then we say that A defines a matrix mapping from μ into γ , and we denote it by writing A : μ → γ if for every sequence x = (x k ) ∈ μ, the sequence Ax = (Ax) n , the A-transform of x is in γ , where
The notation (μ : γ ) denotes the class of all matrices A such that A : μ → γ . Thus, A ∈ (μ : γ ) if and only if the series on the right-hand side of (.) converges for each n ∈ N and every x ∈ μ, and we have Ax = {(Ax) n } n∈N ∈ γ for all x ∈ μ. The matrix domain μ A of an infinite matrix A in a sequence space μ is defined by μ A = x = (x k ) ∈ ω : Ax ∈ μ . ©2013 Karaisa; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2013/1/503
The theory of BK -spaces is the most powerful tool in the characterization of the matrix transformation between sequence spaces. A sequence space X is called a BK -space if it is a Banach space with the maps p i : μ − → C defined by p i (x) = x i being continuous for all i ∈ N, where C denotes the complex field and N = {, , , . . .}.
The sequence spaces c  , c, ∞ and  are BK -spaces with the usual sup-norm defined by
2 The sequence spaces c 0 (B) and ∞ (B)
Let r, s and t be non-zero real numbers, and define the triple band matrix B(r, s, t) = {b nk (r, s, t)}
Recently, Sömez [] introduced the sequence spaces c  (B) and ∞ (B) as the matrix domain of the triangle B(r, s, t) in the spaces c  and ∞ , respectively. It obvious that c  (B) and ∞ (B) are BK -spaces with the same norm by
Throughout, for any sequence x = (x k ) ∈ w, we define the sequence y = (y k ) which will be frequently used, as the B(r, s, t)-transform of a sequence x = (x k ), i.e.,
Since the spaces λ B(r,s,t) and λ are norm isomorphic, one can easily observe that x = (x k ) ∈ λ B(r,s,t) if and only if y = (y k ) ∈ λ, where the sequences x = (x k ) and y = (y k ) are connected with relation (.); furthermore, x ∞ (B(r,s,t)) = y ∞ , where λ is any of the sequences c  or ∞ .
Compactness by the Hausdorff measure of noncompactness
In the present paper, we establish some identities or estimates for the operator norms and the Hausdorff measures of noncompactness of certain matrix operators on the spaces c  (B) and ∞ (B). Further, by using the Hausdorff measure of noncompactness, we characterize some classes of compact operators on these spaces. It is quite natural to find condition for a matrix map between BK -spaces to define a compact operator since a matrix transformation between BK -spaces is continuous. domain of triangles in an arbitrary BK -space. Further, they characterized some classes of compact operators on these spaces by using the Hausdorff measure of noncompactness. Now, we give some related definitions, notation and preliminary result. Let X and Y be Banach spaces. Then we write B(X, Y ) for the set of all bounded (continuous) linear operators L : X − → Y , which is a Banach space with the operator norm given If ( · , X) is a normed sequence space, then we write
for a ∈ w provided the expression on the right-hand side exists and is finite, which is the case whenever X is a BK -space and a ∈ X β [] . Let S and M be subsets of a metric space
Further the set S is finite, then the ε-net S of M is called a finite ε-net of M, and we say that M has a finite ε-net in X. A subset of a metric space is said to be totally bounded if it has a finite ε-net for every ε > . By M X we denote the collection of all bounded subsets of a metric space (X, d). If Q ∈ M X , then the Hausdorff measure of noncompactness of the set Q, denoted by χ (Q), is defined by 
Further, if X is a normed space, then the function χ has some additional properties connected with the linear structure, that is,
We shall need the following known result for our investigation. 
Lemma . [, Lemma (a)] Let ϕ ⊃ X and Y be a BK-space. Then we also have
Proof Let Y be the respective one of the spaces c  or ∞ , and take any a = (a k ) ∈ X β .
Then we have by Lemma . that a = ( a k ) ∈  and equality (.) holds for all sequences x = (x k ) ∈ X and y = (y k ) ∈ Y which are connected by relation (.). Further, it follows by (.) that x ∈ S X if and only if y ∈ S Y . Therefore, we derive from (.) and (.) that
and since a ∈  , we obtain from Lemma . that 
Proof This is immediate by combining Lemmas . and ..
The following result shows how to compute the Hausdorff measure of noncompactness in the BK -space c  . The next lemma is related to the Hausdorff measure of noncompactness of a bounded linear operator.
Lemma . [, Theorem .] Let Q be a bounded subset of the normed space X, where X is p for
 ≤ p < ∞ or c  . If p r : X − → X (r ∈ N)
Lemma . [, Theorem .] Let X and Y be Banach spaces and L ∈ B(X, Y ). Then we have
L A χ = χ L(S X ) (.) and L ∈ C(X, Y ) if and only if L A χ = . (.)
Compact operators on the spaces c 0 (B) and ∞ (B)
In this subsection, we establish some identities or estimates for the Hausdorff measures of noncompactness of certain matrix operators on the spaces c  (B) and ∞ (B). Further, we apply our results to characterize some classes of compact operators on those spaces. We begin with the following lemmas which will be used in proving our results. 
Lemma . [, Lemma .] Let X denote any of the spaces c
 or ∞ . If A ∈ (X, c), then α k = lim n→∞ a nk exists for every k ∈ N, α = (α k ) ∈  , sup n ∞ k |a nk -α k | < ∞, lim n→∞ A n = ∞ k α k x k for all x = (x k ) ∈ X. Lemma . [, Theorem .] Let X ⊃ φ be a BK -space. Then we have (a) If A ∈ (X, c  ), then L A χ = lim sup n→∞ A n * X . (b) If A ∈ (X, ∞ ), then  ≤ L A χ ≤ lim sup n→∞ A n * X .
Theorem . Let X denote any of the spaces c  (B) and ∞ (B). Then we have
(a) If A ∈ (X, c  ), then L A χ = lim sup n→∞ ∞ k= | a nk | (.)(b) If A ∈ (X, ∞ ), then  ≤ L A χ ≤ lim sup n→∞ ∞ k= | a nk |
and L A is compact if and only if lim
Proof Let A ∈ (X, c  ). Since A n ∈ X β for all k ∈ N, we have from Lemma . that
for all k ∈ N. Thus, we get (.) and (.) from (.) and Lemma .(a). Part (b) can be proved similarly by using Lemma .(b).
Theorem . Let X denote any of the spaces c  (B) or ∞ (B). If A ∈ (X, c), then we have
  lim sup n→∞ ∞ k= | a nk -α k | ≤ L A χ ≤ lim sup n→∞ ∞ k= | a nk -α k | (.)
and L A is compact if and only if lim
where lim n→∞ a nk = α k .
Proof By combining Lemma . and Lemma ., we deduce that the expression in (.) exists. We write S = S X for short. Then we obtain by (.) and Lemma . that
and AS ∈ M c , where is the class of all bounded subsets of c. Then we are going to apply Lemma . to get an estimate for the value of χ (AS) in (.). For this, let p r : c − → c be the projectors defined by (.). Then we have for every r ∈ N that (I -p r )(z) = ∞ n=r+ (z n -z)e n and hence
for all z ∈ c and every r ∈ N. Thus, from (.) and applying Lemma ., we get that 
for all r ∈ N. Thus, we get (.) and (.) from (.) and (.), respectively and this concludes the proof. Now, let F denote the collection of all finite subsets of N, and let F r (r ∈ N) be the subcollection of F consisting of all nonempty subsets of N with elements that are grater than r. 
∞ r= of nonnegative reals is nonincreasing and bounded by Lemma .. Thus, the limit in (.) exists. Now, let S = S X . Then we have by Lemma .(a) that L A (S) = AS ∈ M  . Hence, it follows from (.) and Lemma . that
Since, A ∈ (X,  ), we obtain by Lemma . that
for all x ∈ X and every r ∈ N. On the other hand, since A n ∈ X β for all n ∈ N, we derive from (.) and Lemma .
. This, together with (.), implies that 
